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Abstract
In this note, we show that triquotient maps between &nite topological spaces are exactly those
which are surjective on chains. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 54C10; 18B30; 18A20
1. Introduction
Triquotient maps were introduced by Michael [2] as a “concept which seems to have
just the right properties for dealing with completeness”, having as inspiring examples
the open and perfect maps.
Recently, these maps played an important role in descent theory: it was shown by
Plewe [4] that, both in topological spaces and locales, they are e@ective descent maps,
capturing again a common property of open and perfect maps and generalizing separate
proofs of these facts (see [3,6,7]).
While studying topological descent theory in &nite spaces, Janelidze and Sobral [1]
characterized pullback stable regular epimorphisms and e@ective descent morphisms
as those which are surjective on 1-chains and 2-chains, respectively. Moreover, they
proved that triquotient maps are surjective on &nite chains. Below we show that the
converse is also true.
Finally, we point out that this characterization shows the precise place of (&nite)
triquotient maps in the class of e@ective descent maps with respect to the three sub
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classes one knows better: open, perfect and locally sectionable maps (see [1] for de-
tails). Also, this surjectiveness on chains, that characterizes triquotient maps, is directly
related to the Reiterman–Tholen characterization of e@ective descent maps (see [5]).
2. The characterization
For a topological space X , we denote its topology by X . Following [1], given a
&nite topological space X and points x; y of X , by y → x we mean that x∈{y}, or,
equivalently, that y belongs to the least open subset of X containing x. For a subset S
of X , ↓S is the least open subset of X containing S. We remark that ↓ S =⋃x∈S ↓{x}.
Denition. A continuous map p : E → B is a triquotient map if there is a map
q : E → B such that, for every U; V ∈E:
(1) q(U ) ⊆ p(U );
(2) q(E)=B;
(3) U ⊆ V ⇒ q(U ) ⊆ q(V );
(4) if b∈ q(U ) and W is an open cover of p−1(b) ∩ U , then there exists a &nite
F ⊆W such that b∈ q(∪F).
Whenever E is &nite, the last condition is equivalent to
(4’) if b∈ q(U ) and p−1(b) ∩ U ⊆ V then b∈ q(V ).
Theorem. A continuous map p : E → B between 1nite topological spaces is a triquo-
tient map if and only if, for every natural number n and every sequence b0 → b1 →
· · · → bn−1 → bn in B, there exists e0 → e1 → · · · → en−1 → en in E with p(ei)= bi
for each i=0; : : : ; n.
Proof. The necessity of this condition is shown in Proposition 7:1 of [1]. To prove
that it is suMcient we construct the map q inductively: let
• q0(U )= ↓{b∈B ; p−1(b) ⊆ U};
• for n∈N; qn+1(U )= ↓{b∈B; (∃V ∈E)p−1(b) ∩ V ⊆ U and b∈ qn(V )};
• and q(U )=⋃n∈N qn(U ).
The map q : E → B satis&es properties (1)–(4). Condition (2) is trivially satis&ed
since already q0(E)=B, and (3) is also obvious.
To prove (4), if b∈ q(U ) and p−1(b) ∩ U ⊆ V , since b∈ qn(U ) for some n, from
the de&nition of q it follows that b∈ qn+1(V ) ⊆ q(V ).
It remains to show (1). For that, let b0 ∈ q(U ). Then b0 ∈ qn(U ) for some natural
number n, and therefore:
(∃b1 ∈B) (∃V1 ∈E) : b0 → b1; b1 ∈ qn−1(V1) and p−1(b1) ∩ V1 ⊆ U ;
(∃b2 ∈B) (∃V2 ∈E) : b1 → b2; b2 ∈ qn−2(V2) and p−1(b2) ∩ V2 ⊆ V1;
...
(∃bn ∈B) (∃Vn ∈E) : bn−1 → bn; bn ∈ q0(Vn) and p−1(bn) ∩ Vn ⊆ Vn−1;
(∃bn+1 ∈B) : bn → bn+1 and p−1(bn+1) ⊆ Vn.
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Let e0 → e1 → · · · → en → en+1 with p(ei)= bi for i=0; 1; · · · ; n+ 1. Then
en → en+1; en+1 ∈Vn ⇒ en ∈Vn,
en−1 → en; en ∈p−1(bn) ∩ Vn ⊆ Vn−1 ⇒ en−1 ∈Vn−1,
...
e0 → e1; e1 ∈p−1(b1) ∩ V1 ⊆ U ⇒ e0 ∈U ,
hence b0 ∈p(U ) as claimed.
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